pairs, setformers, transfinite induction

- % Some elementary definitions: ordered pair and component extraction
-- Ordered pair
(X, V) = {XL{XL{YEY
arb({X})=X
arb({{X}, X})=X
arb((X,Y))={X}
arb (arb({(X,Y)))=X
(arb (arb ((X,Y)\{arb({X,Y))})\{arb((X,Y))}))=Y
car(P) =, arb(arb(P))
P) = arb(arb(arb(P\{arb(P)})\{arb(P)}))

S

O UL N AW N ==
TTYP TTTTTY
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=
o

-- Ordered pair Property
)=(car((X,Y)), cdr((X,Y)))

\]
T
=
~

-- % Some utility theorems giving elementary properties of setformers
THEORY setformer(e,epl,s, p, ppl)
-- Elementary properties of setformers
[Vx € s|e(x)=epl(x)] & [Vx € s| p(x) <> ppl(x)]
—
F {ex): xes|p(x)}={epl(x) : x €s|ppl(x)}
END setformer
THEORY setformer0(e, s, p)
-- Elementary properties of setformers
—
Foos#0 — {e(x): x € s}#£D
F {xes|P(x)}#0 — {e(x) : x€s|P(x)}#0D
END setformer0
THEORY setformer2(e, ep2, f, fp, s, p, pp2)
-- More elementary properties of setformers
[Vx € s| f(x)=fp(x)] & [Vx € 5, Vy € f(x) | e(x,y)=ep2(x,y)] & [Vx € 5,Vy € f(x) [ p(x,y) <> pP2(x,Y)]
—
o {elxy): xes,y e f(x)[p(x,y)}={ep2(x,y) : x €5,y € fp(x) | pp2(x,y)}
END setformer2

— % A first version of the principle of transfinite induction
THEORY transfinite_induction(n, P)

P(n)
= (m)
transfinite_induction-1 F+ —|[Vm|P(m) — [Tk € m| P(k)]]
transfinite_induction -2 F P(m) & [Vk € m | =P(k)]
END transfinite_induction
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- % Some elementary set-theoretic definitions: maps, domain, range, etc.

=
=
=
=
=

issmap(X) o, X={(car(x),cdr(x)): x € X}

domain(X) =,, {car(x): xe X}
range(X) =, {cdr(x): xe X}
Svm(X) . issmap(X) & [Vx € X, Vy € X | car(x)=car(y) — x=y]
1-1(X)  p Svm(X) & [Vx € X,Vy € X | cdr(x)=cdr(y) — x=y]

-- % The enumeration of a set

=

enum(X,Y) =, ifYC{enum(y,Y): y € X}thenY else arb (Y \{enum(y,Y): ye X})fi

-- % Ordinals and their properties

=

T TTTTTY

TTTTTT

|_

|_

Ord(X) «op; [WXxeX|xCX]&[Vxe X,Vye X |xEyVyeExVx=y|
-- Successor operation
next(X) =, XU{X}

0Ord(S) & Ord(T) & TCS — T=S V T=arb (S\T)
Ord(S) & Ord(T) — Ord(SNT)
Ord(S) & Ord(T) — SCT vV TCS
Ord(S) & Ord(T) - SeTvVvTeSVS=T
Ord(S)& T € S — Ord(T)

-- The class of all sets is not a set
=[3x, Yy |y €]

-- The class of ordinals is not a set
—[Jordinals, ¥x | x € ordinals «» Ord(x)]
Ord(S) — Ord(next(.5))
0rd(S) & Ord(T) —» (TCS T € SV T=S)
Ord(X) & S € {enum(y,S) : y € X} — SC{enum(y,S): ye X}
enum(X,S)=S Venum(X,S) € S
enum(X,S)=S&Y2DX — enum(Y, S)=S

-- The enumeration of a set is 1-1
Ord(X) & Ord(W) & X#W — S € {enum(y,S): y € X}

VvV S e {enum(y,S): y € W} Venum(X, S)Zenum(W, S)

-- Enumeration Lemma
[Vs,3x| Ord(x) & s € {enum(y,s) : y € x}]

-- Enumeration theorem

[Vs, 3x | (Ord(x) & s={enum(y,s) : y € x}) & [Vy € x,Vz € x| y#z — enum(y,s)7enum(z,s)]]|

-- % More elementary set-theoretic definitions: map restrictions, values, inverse map, etc.

=

N e

-- Map Restriction

X|Y Def {p €X | car(p) € Y}
-- Value of single-valued function

XY =, cddr(arb(Xyy))
-- Map Product

XoY =, {{car(x),cdr(y)): x €Y,y e X |cdr(x)=car(y)}
-- Inverse Map

X1 =, {(cdr(x),car(x)) : x€ X}
-- Identity Map

Lx T Def {<Xv X> P XE X}
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-- % The cardinality of a set
14¢ = Ord(enum_Ord(s)) & s={enum(y,s) : y € enum_Ord(s)}

& [Vy € enum_Ord(s),Vz € enum_Ord(s) | y7%z — enum(y,s)7enum(z,s)]

-- Cardinality

15 = #X =, arb({x: x € next(enum_Ord(X)) | [3f | 1-1(f) & domain(f)=x & range(f)=X]})
-- Cardinal

16 = Card(X) <, Ord(X)& [Vy € X,Vf| ~domain(f)=y V —range(f)=X V =Svm(f)]

-- % Elementary properties of maps, map restrictions, map values, etc.

23 F FaCF

24 F SNT={xe S|xeT}

25 F S\T={xeS|x¢T}

26 F  is_map(F) < [Vx € F'| x=(car(x), cdr(x))]

27 F  GCF &is-map(F) — is_-map(G)

28 F GCF & Svm(F) — Svm(G)

29 - GCF &1-1(F) — 1-1(G)

30 F X eF —car(X) € domain(F)

31 F X e€F —cdr(X) € range(F)

32 F  ANB={x€ A|x € B}

33 F  is_map(F) & is_-map(G) — is_-map(FUG)

34 F o Flaup=FaUFp
-- Associativity of map multiplication

35 F  Fo(GoH)=(FoG)oH

36 o (FUG) 4 =FaUG|4

37 F Flaomain(r)=F

38 F X € domain(F) — F[X € range(F')

39 F  Svm(F) « F={(x, F|x) : x € domain(F)}

39a F Svm(F) — F={{x, FIx) : x € domain(F)} & range(F)={F[x: x € domain(F)}

- % Two elementary theories embodying some elementary lemmas about single-valued functions and maps
THEORY fcn_symbol(f,s)

= (g)

fcn_symbol -
fcn_symbol -
fcn_symbol -
fen_symbol -
fcn_symbol -
fcn_symbol -

O UL W N~

END fcn_symbo
40
41

TTTTTTTT

I
|_
|_

g={(,f(9) : x € 3}

domain(g)=s

[V € 5| g x=f ()

X¢s—glX=

Svm(g)

range(g)={f(x) : x € s}

[Vx € 5,Vy € 5| f(x)=f(y) = x=y] — 1-1(g)
#{(x,f(x)) : x € s}=#s & #{f(x) : x € s}CH#s

U=(A, B) — U={(car(U), cdr(U))
issmap(F) & U € F — U=(car(U), cdr(U))

THEORY iz_map(f,a,b,s)

f={(a(x),b(x)) :

==
iz_map - 1
END iz_map

|_

xes}

is_-map(f)
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-- % More elementary set-theoretic theorems for maps, domains and ranges, 1-1 maps, etc.

TTTT

TTTTTTTT

T TT T TTTTTT

TTTT

TTT

T

domain (FUG)=domain(F)Udomain(G)
range (FUG)=range(F)Urange(G)
domain(F)=0 < range(F)=(
Svm(F) & X € F — Flcar(X)=cdr(X)
-- Union of single_valued maps
Svm(F) & Svm(G) & domain(F)Ndomain(G)=0 — Svm(FUQG)
is_map(F) — is_map(Fis)
Svm(F) — Svm(Fg)
1-1(F) — 1-1(Fs)
range(F|g)Crange(F)
domain(F|s)=domain(F)NS
range(G)Cdomain(F) — range (FoG)=range(F|range(c)) & domain (FoG)=domain(G)
range(G)=domain(F) — range (FoG)=range(F') & domain (FoG)=domain(G)
-- Union of 1-1 maps
-1(F) & 1-1(G) & range(F)ﬂrange(G):(Z) & domain(F)Ndomain(G)=0 — 1-1(FUG)
is_ map( H& range (F~1)=domain(F) & domain (F~1)=range(F)
s maplF) —» F=(F1) 1
-1(F) - 1-1(F~1) & F=(F~1)7! & range (F~!)=domain(F) & domain (F~1)=range(F)
-1(F) — [Vx € domain(F) | F~[(F|x)=x]
-1(F) — [Vx € domain(F) | F1(F|x)=x] & [Vx € range(F) | F[(F~!|x)=x]
-- Elementary Properties of identity maps
1-1(ts) & domain(ts)=S & range(ts)=S & s 1=tg5 & [Vx € S| L5 [x=X]
& (is_map(F) — (domain(F)CS — Fois=F) & (range(F)CS — tgoF=F))
Svm(F) — FoF ' =t ange(r)
1_1(F) - FOFilerange(F) & FﬁlOF:Ldomain(F)
-- An inverse pair of maps must be 1-1 and must be each others inverses
is_map(F) & is_map(G) & domain(F)=range(G) & range(F)=domain(G) & FoG=t,ange(r)
& GOF=Ldomain(F) — 1-1 (F) & G=F1
is_-map(FoG)
Svm(F') & Svm(G) — Svm(FoQ)
Svm(F') & Svm(G) & X € domain(G) & range(G)Cdomain(F) — FoG[X=F[(G[X)
Svm(F) & Svm(G) & X € domain(G) & range(G)Cdomain(F) — FoGIX=F[(G[X)
& FoG={(x, F[(G]x)) : x € domain(G)} & range (FoG)={F[(G|x) : x € domain(G)}
-1(F) & 1-1(G) — 1-1(FoQG)
(FUH)oG=FoGUHoG
Go(FUH)=GoFUGoH
-- Cartesian Product
XXY =5 {<X’y>:X€Y7y€X}
F={{({{x,y),2),(x,{y,2))): x€ A,y € B,ze€ C} — 1-1(F) & domain(F)=(AXB)xC
& range(F)=Ax(BxC)
F={{{x,y),{y,x)): x€ A,y € B} — 1-1(F) & domain(F)=AXB & range(F)=BXx A
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)

-- % Basic properties of the cardinality of a set, and related properties of ordinals. The notion of ‘finiteness
70 F Ord(S)&X €S —enum(X,5)=X
-- Cardinality Lemma
71 F  Ord(#S) & [3f | 1-1(f) & range(f)=S5 & domain(f)=#S
& —[Fo € #5,3g | 1-1(g) & range(g)=5 & domain(f)=o0]]
-- The enumerating ordinal of a set has the same cardinality as the set
72 F  [3o|Ord(o) & S={enum(x, S) : x € o} & #o=#1S9]|
-- ‘arb’ is monotone decreasing for non-empty sets of ordinals
73  F  Ord(R)& RDS & SDT — arb(S) € arb(T) V arb(S)=arb(T) Vv T=0
-- Lemma for following theorem
74 FOrd(S)&TCS&X € S&Y € X —»enum(Y,T) € enum(X,T) V enum(X,T)DT
-- Subsets enumerate at least as rapidly
7 F Ord(S)&TCS&X eSS —enum(X,T)DX
76 Ord(S)&TCS — {enum(x,T) : x€ S}DOT
7 B Ord(S)&TCS — [IxCS | Ord(x) & T={enum(y,T) : y € x}
& [Vy € x,Vz € x| y#z — enum(y, T)#enum(z, T')]]
-- Subsets of an ordinal have a cardinality that is no larger than the ordinal
78 F Ord(S)&TCS — #TCS
-- Single-valued maps have 1-1 partial inverses
79 F  Svm(F) — [3h| domain(h)=range(F) & range(h)Cdomain(F') & 1-1(h)
& [Vx € range(F) | F'[(h[x)=x]]
-- Cardinality theorem

80 F  Card(#S5) & [3f | 1-1(f) & range(f)=S & domain(f)=#15)|

81 o #S=0 «— S=0
-- Uniqueness of Cardinality

82 F  Card(C) & [3f | 1-1(f) & range(f)=S5 & domain(f)=C] — C=#S
-- Subset cardinality theorem

83 F TCS — #TC#S

84 + 1-1(F) — #range(F)=#domain(F)

85 F  Svm(F) — #range(F)C#domain(F)

85a F FCG — range(F)Crange(G) & domain(F)Cdomain(G)
-- Finiteness

18 = Finite(X) <, —[3f|1-1(f) & domain(f)=X & range(f)CX & X#range(f)]
-- 0 is a finite cardinal

86 F  Ord(0) & Finite(()) & Card(0)

87 F  #domain(F)C#F

88 F  #range(F)CH#F

89 F  Svm(F) — #domain(F)=#F

90 F #SDOH#T — T=0 Vv [3f | Sym(f) & domain(f)=S & range(f)=T

91 F #S=#T — [3f | 1-1(f) & domain(f)=S & range(f)=T]

ENTER _THEORY fcn_symbol
-- Add an additional results to the fcn_symbol theory
F oo #{xf(x) : xest=#s& #{f(x) : x €s}C#s
ENTER _THEORY set_theory
-- Return to the top-level theory

92 F  Card(S) « S=#S
93 F HS=HHS
94 b H#HS e H#T NV HS=HT V #T € #S
95 F HS e H#T &H#T € #R — #S € #R
-- Associative Law for Cardinals
96 F  #(AXB)xC)=#(Ax(BxC))

-- Commutative Law for Cardinals
97 F  #(AXB)=#(BxA)
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-- % Properties of finite sets

|_
|_

|_

-- A subset of a finite set is finite
Finite(S) & SDOT — Finite(T')
Svm(F) — (1-1(F) < [Vx € domain(F'),Vy € domain(F) | F'[x=Fy — x=y])
-- A 1-1 map on a set induces a 1-1 map on the power set of its domain
1-1(F) & SCdomain(F) & TCdomain(F) & S#T — range(F|s)#range(Fir)
-- Map product formula
Svm(F) & Svm(G) & range(F)Cdomain(G) — GoF={(x, G[(F|x)) : x € domain(F)}
& domain (GoF)=domain(F') & range (GoF)={G[(F|x) : x € domain(F)}
1-1(F) — Finite(domain(F')) — Finite(range(F))
1-1(F) — (Finite(domain(F)) < Finite(range(F)))
-- A single-valued map with finite domain has finite range
Svm(F) & Finite(domain(F')) — Finite(range(F'))
Finite(S) < Finite(#5)
-- Proper subsets of a finite set have fewer elements
Finite(S) & TCS & T#S — #T € #S
Finite(S) «» —[3f | Sym(f) & range(f)=S & domain(f)CS & S7Edomain(f)]
Ord(S) & Finite(S) & T € S — Finite(T)
-- Any infinite ordinal is larger than any finite ordinal
Ord(S) & Ord(T) & —Finite(S) & Finite(T) — T € S
-- Interchange Lemma
X eS&Y € S — [3Ff| 1-1(f) & range(f)=S & domain(f)=S & f[ X =Y & |V =X]
Svm(F) — Flg={(x, F'|x) : x € domain(f) | x € S} & domain(F|g)={x € domain(F) |x € S}
& range(Fjs)={F[x: x € domain(f) | x € S}
1-1(F) & X € domain(F) &Y € domain(F) & F|X=F|Y — X=Y
Finite(S) < Finite(SU{X})
Finite(S) — Finite(next(S))

Existence of an infinite cardinal

= Finite(s.inf)

-- Infinite cardinality theorem
—Finite(#s.inf)

-- All finite ordinals are cardinals
Ord(X) & Finite(X) — Card(X)

-- % The set of integers and basic properties of integers

=
|_

=
|_

S N A A

N =, arb({x € next(#s.inf) | =Finite(x)})
Ord(N) & —Finite(N) & [Vx | Card(x) & Finite(x) «» x € N|
-- Standard definitions of the finite integers,
—~1=mnext (0)&2=mext (1)& 3 =mnext (2)&---
L =pe neXt((D)
Ord(0) &P eN&1eN&2eN&3eN
-- The set of integers is a Cardinal
Card(N)
PeN&1eN&2eN&3 e N&1£D & 2#£0 & 3£0 & 142 & 17#£3 & 2#3
-- Cardinal sum
ntm = #{%0): x€nJU{(x 1) 5 x € m}
-- Cardinal product
XxY =, #(XXY)
PX) =y {x: xCX)
-- Cardinal Difference
XoV =, #(X\Y)
- Integer Quotient; Note that  div 0 =N for z € N
XdivYy =, U{keN|k«YCX}
-- Integer Remainder
XmodY =, X—(XdivY)*Y
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122
123
124
125
126
127
128
129
130
131

TTTTTTTTTT

{(x,0): xe N}n{{x,1) : x& M}=0

is_-map(0)) & Svm(0) & 1-1(0) & range(0)=0 & domain(0)=0
Sum({(X, Y)}) & I-1({(X, V)}) & { (X, V)} | X=V

#{(x,0) : x€ M}=#M & #{(x,1) : x € N}=#N
NA+M=#N+#M

N+M=N+#M

NxM=#Nx#M

NxM=Nsx+#M

Finite(N) & MCN & M#N — #M € #N

-- % Induction principle for finite sets

THEORY finite_induction(n, P)

Finite(n) & P(n)

= (m)

mCn & P(m) & [VkCm | k#Em — P (k)]

END finite_induction

132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

149
150
151
152
153
154
155

TTTTTTTTTTTTTTTTT

TTTTTTT

-- % More results on the cardinality of finite and infinite sets

Finite(IV) & Finite(M) « Finite(NUM)

Finite(N+M) « Finite(NUM)

Finite(N) & Finite(M) «> Finite(N+M)

Nx0=0& dx N=0

N*p=0

P N=0

#N+D=#N

#{C}XN=#N

HN X {C)=#N

1« N=#N

N#l=#N

M#) — #NXMDOH#N

NAM=#N x{0}UM x{1}

ANB=0 — (X x A)N(Y x B)=0

N+M=M+N

NxM=M=N

(AXX)N(BXxX)=(ANB)X X & (AX X)U(BXX)=(AUB)x X
& (X XAN(XXB)=XX(ANB) & (XX A)U(X X B)=X X (AUB)
N+(M+K)=(N+M)+K

Nx(M*K)=(N*M)xK

Nx(M+K)=N+«M+Nx*K

Finite(N) & Finite(M) — Finite(N*M)

(Finite(V) & Finite(M)) V N=0 V M =0 < Finite(N*M)
P0)={0}

Finite(N) < Finite(P(N))

-- % Cantor’s Theorem

156 F #N € #P(N)
157 - N—N=0
158 F N—(=#N
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-- % More elementary results concerning integer arithmetic

-- Disjoint sum Lemma

159 + NNM=0— N+M=#NUM

160 F  NNM=0& N2NM2=0 & #N=#N2 & #M=#M2 — #(NUM )=#(N2UM?2)
-- Subtraction Lemma

161 + MCN — #N=#M+(N—M)
-- Subtraction Lemma

162 F  H#MeH#NV H#M=H#N — #N=H#M~+(#N—#M)
-- Union Set

25 = UX =5, {x:xeyyeX}
-- Union set as an upper bound

163 F  [vx e S|xCUS] & ([vx € S| xCT] — USCT)
-- The union of a set of ordinals is an ordinal
164 F [¥xe€ S| 0rd(x)] — Ord(lJS)
165 F M#()— Ndiv MCN
166 F M#)& N eN— NdivM e N&N div MCN
167 F NeN&MeN—->N+MeN&N«MeN&N—-M N

-- Strict monotonicity of addition
169 +F MeN&NeN&N#A)— M e M+N
-- Strict monotonicity of addition
1M + MeN&NeN&KKeN-—-M+KeM+N
-- Cancellation
171 F MeN&NeN&KKeN&M+K=N+K — M=N
-- Monotonicity of Addition
172 + MCN — M+KCN+K
-- Monotonicity of Multiplication
173 F MCN — MxKCNxK
-- Monotonicity of Addition
174 + MeN&NeN&LKeN— (M4+KCN+K «— MCN)
-- Strict monotonicity of subtraction

17 + NeN&KeN&MDODN—->M-NeM-K
16 F+ MeN&NeN&LKeN&KNDMEN—-MDK —- NODM4+K & N—(M+K)=(N—-M)—K
177 + MeN&NeN—-M+N-N=M
-- Integer Division with Remainder
178 + MeN&NeN&N#AD)— MdivN e N& MD(M div N)xN & M mod N € N
179 +  #{S}={0}
180 F #N=0— N=0
181 F  #N*x#M=0)— N=0V M=(
182 + NDM —- N—-KDM-K
183 F  Finite(N) & NDM — #N\M=##N\#M
184 F NeN&MeN—-sN+M—-M=N
185 + NeN&MeN&KeN— (NODM «— N+KDM+K)
186 + NDM — #N=#M+#(N\M)
187 + NeN&MeN&KeN&NDODM —- N+K—(M+K)=N—M
18 F NeN&MeN—-N=M+(N-M)V N=M—(M—N)

-- % Four utility theories concerning ordinal-valued functions, well-founded relations, well-orderings,
- % and the ordering of product sets
THEORY ordval_fen(s, f)
-- Elementary functions of
s#0 & [Vx € s| Ord(f(x))]
= (rng) -- Points at which f attains its minimum
- mg =y, {x: xe€s|f(x)=arb({f(u) : ues})}
mg={x: x € s|f(x)=arb({f(y) : y € s}) & rg#0 & [Vx € rng,Vy € s| f(x)Cf(y)]}
rngCs
END ordval_fcn
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THEORY well_founded_set(s, <)
[VtCs|t#0D — [Om € t,Vu € t| ~u < m]]
-- < is thereby assumed to be an irreflexive well-founded relation on s
= (orden)
well_foundedset-1 F [Vxes,Vyes|(x<dy — -y <Ix) & -x <X
-~ Minrel(T) =, ifTCs&T#0Dthenarb({m: meT|[VueT|-u<m]})elsesfi
- orden(X) =, Minrel(s\{orden(y): ye X})
well_founded set-2  F sC{orden(y): y € X} <> orden(X)=s
well_founded set-3  F orden(X)##s <> orden(X) € s
-- Well-ordering complies with ordinal enumeration
well_founded_set-5 F Ord(U) & Ord(V') & orden(U)#s & orden(V')#s — (orden(U) < orden(V) — U € V)
well_founded set-6 + {u: u€es|u<orden(V)}C{orden(x): x € V}
-- Well-ordering is initially 1-1
well_founded set-7 F  Ord(U) & Ord(V') & orden(U)#s & orden(V)#s & U#V — orden(U)#orden(V)
well_founded set-8 F [Jo|Ord(o) & s={orden(x) : x € o} & 1-1({(x,orden(x)) : x € o})]
END well_founded_set
THEORY well_ordered_set(s, <)
[Vx €s,Vy €s|(x<qy Vy<IxV x=y) & x<x] & [Vx €s,Vy s, Vzes|xdy&ky<iz—x<7]
& VtCs|t#D — [Ix e t,Vy € t[x <y V x=y]]
= (orden)
well_ordered_set - 1 Fo[VtGs, 3x|t#£D - x € t& [Vy € t|x <y V x=y]]
-- Minrel — well_ordered_set - 1 = [VtCs|t#0 — Minrel(t) € t & [Vy € t| Minrel(t) <y V Minrel(t)=y]]
- orden(X) =, ifsC{orden(y): y € X} then s else Minrel(s\{orden(y) : y € X}) fi
well_ordered_set - 2 F sC{orden(y): y € X} <> orden(X)=s
well_ordered_set - 3 F orden(X)#s — orden(X) € s
-- Monotonicity of Minrel
-- well_ordered_set- 4 + RCs& TCR & T#0 — Minrel(R)=Minrel(T) V Minrel(R) < Minrel(T)
-- Well-ordering is isomorphic to ordinal enumeration
well_ordered set - 5 F Ord(U) & Ord(V') & orden(U)#s & orden(V')7£s — (orden(U) <torden(V) < U € V)
well_ordered_set - 6 F Ord(V) & orden(V)#s — {u: u €s|u<orden(V)}={orden(x) : x € V}
-- Well-ordering is initially 1-1
Ord(U) & Ord(V') & orden(U)#s & orden(V')#s & U#V — orden(U)#orden(V)
[3o| Ord(o) & s={orden(x) : x € o} & [Vx € o] orden(x)#£s] & 1-1({(x, orden(x)) : x € 0})]
(Ord(V) & orden(V)#s — 1-1({{x,orden(x)) : x € V'}))
& domain({(x,orden(x)) : x € V})=V
& range({(x,orden(x)) : x € V})={u: u€s|u<orden(V)}
&{u: ues|uorden(V)}={orden(x): x € V}

well_ordered_set - 7
well_ordered_set - 8
well_ordered_set - 9

TTT

END well_ordered_set
THEORY product_order(ol, 02)
Ord(ol) & Ord(02)

= (Ord1p2)

- 0rd1p2(X,Y) <o, car(X)Ucdr(X) € car(Y)Ucdr(Y)
—— V (car(X)Ucdr(X)=car(Y)Ucdr(Y) & car(X) € car(Y))
—— V (car(X)Ucdr(X)=car(Y)Ucdr(Y) & car(X)=car(Y) & cdr(X) € cdr(Y))

[Vx € 01x 02| Ord(car(x))]

[Vx € 01x02 ]| Ord(cdr(x))]

[Vx € 01x 02| Ord(car(x)Ucdr(x))]

[Vx € 01x02,Vy € 01x02]| Ord1p2(x,y) V Ord1p2(y,x) V x=y & —=Ord1p2(x,x)]

[Vx € 01X02,Vy € 01X02,Vz € 01x02]| Ord1p2(x,y) & Ord1p2(y,z) — Ord1p2(x,z)]

TColx02 & T#() — [Ix € T,Vy € t| Ord1p2(x,y) V x=y]

product_order -
product_order -
product_order -
product_order -
product_order -
product_order - 6
END product_order

CUR W o
TTTTTT
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-- % The cardinal square theorem and lemmas needed to prove it
-- One more Lemma
189 k= Finite(S) — #£S=#SU{C}
-- Division-by-2 Lemma
190 F  =Finite(S) — [3T | #T x{0, 1}=#S5]
-- Cardinal Doubling Theorem
191 +  Card(S) & —Finite(S) — #S5x{0,1}=#S
192  F = Finite(S) — SHT=#SUHT & #(SUT)=#SUH#T
-- Cardinal Square-root Lemma
193  F = Finite(S) — 3T | #(T'XT)=#1S5]
-- Cardinal Square Theorem
194 = Finite(S) — #(SxS)=#S
195 F T e S & Card(S) & —Finite(S) — S*T=S

-- % Signed Integers and their properties

26 = Z = {y):xeNyeN[x=0Vy=0}
-- Signed Integer Reduction to Normal Form
21 = Red(X) =, (car(X)—(car(X)Ncdr(X)),cdr(X)—(car(X)Ncdr(X)))
-- Signed Sum
28 = X+4+zY =, Red({car(X)4car(Y),cdr(X)+cdr(Y)))
-- Absolute value
28a = |X|, =p. car(X)Ucdr(X)
-- Negative
280 = Revz(X) =, (cdr(X),car(X))
-- Signed Product
29 = Xx*xz2Y =, Red({car(X)*car(Y)+cdr(X)=cdr(Y),car(X)*cdr(Y)4car(Y)*cdr(X)))
-- Signed Difference
32 = X —2Y =,; Red({cdr(Y)4-car(X),car(Y)+cdr(X)))
-- Sign of a signed integer
33 = is_nonnegy(X) e, car(X)Dcdr(X)
196 F MeN&NeN-—-Red((M,N))eZ& MNN €N
197 + N eZ— N=(car(N),cdr(N)) & car(N)=0 V cdr(N)=0 & car(N) € N& cdr(N) € N & Red(N)=N
& car(N)Nedr(N) e N
199 + NeZ&MeZ—->N+z;MeceZ&Nxy3 MeZ
200 F N eN— Red((N,N))=(0,0)
200 F JeN&KeN&MeN-—Red((J+M,K+M))=Red((J, K))
22 F JeN&KeN&LNeN&MeN—- (JK)+z(N,M)=(J,K)+zRed({N,M))
203 F KeZ&NeN&MEeN— K+ (N, M=K +7Red((N, M))
204 + KeZ&NEeN&MeN— K sz (N, M)=K #z Red((N, M))



laws on integers, ordinal induction

205

206

207
208

209

210

211
212

213

214
215

216

217
218

219

220
224
225
226
227
228
229
230
231

232

233

234

235

T T

TTTTTTTTT T

T

|_

|_

-- Commutativity Lemma
KeZ&NeN&MeN—- K4z (N,M)=(N,M)+z K
-- Commutativity Lemma
JeEN&KKeN&NeN&MeN— (J,K)+4z (N,M)y=(N,M) +z (J,K)
-- Commutative Law for Addition
NeZ&MeZ— N+z M=M—+, N
JeEN&LKeN&NeN&MeN— (J K)+z (N,M)y=Red({J, K)) +z Red((N, M))
-- Commutative Law for Multiplication
NeZ&MecZ— Nxzy M=M xz N
-- Associative Law
KGZ&NGZ&MGZ—>N+Z(M+ZK):N+ZM+ZK
-- Distributive Law
KEZ&NEZ&MEZ—>N*Z(M+ZK)=N*ZM+ZN*ZK
N € N — Red({N, 0))=(N, 0)
-- Embedding of Integers in Signed Integers
NeN&MeN— (N+M,0)=(N,0) +7 (M, D) & (NxM,0)=(N, D) xz (M,0) & NDM
(

N e N& M € N — Revz(Red({M, N)))=Red({N, M))
NeZ&MeZ— N x4 RevZ(M):RevZ(N *7 M)
-- Inversion Lemma
N eZ& M € Z — Revy(N %z M)=Revy(N) *z M & Revy (N 7 M)=N =z Revz (M)
-- Double inversion
K € Z — Revz(Revz(K))=K
N eZ— RevZ(N) cZ& RevZ(N) +7 N:<®, ®> & RevZ(RevZ(N)):N
-- Associativity Lemma
N €7Z — Revz(N) € Z & Revz(N) 4+7 N=(0, 0) & Revz(Revz(N))=N
-- Associativity Lemma
KeZ& NeN&LMeN— <N,[Z)> *7, (<M7®> *ZK)=<N,®> *7, <M,(Z)> *y K
NeZ&MeZ— N=M+z (N —z M)
NeZ&McZ— RevZ(N +7z M):REVZ(N) +7 RevZ(M)
<®7 1> *7 <®a 1>:<17 ®>
KeZ— K=z (1,0)=K
KeZ&MeZ— K—7z M=K +z M =z7(0,1)
KeZ— K—; K=(0,0)
K €Z— K +7(0,0)=K
KeZ— <®,@> +7 K=K
-- Z is an Integral Domain
[Vn € Z,Ym € Z| mxzn={0,0) — m=(0,0) v n=(0, 1]
-- Distributivity of Subtraction
[Vn € Z,Ym € Z,Vk € Z| m xzn —z k %z n=(m —z k) *z n]
-- Si Cancellation
[Vn € Z,Ym € Z,Vk € Z| m *z n=k x7 n & n# (0, §) — m=k]
-- Multiplication by -1
[Vn € Z| Revz(n)=(0, 1) *z n]

— % Another useful transfinite induction principle, cast as a theory

THEORY ordinal_induction(o, P)

Ord(o) & P(o)
= (t)

- t=p.,arb({xCs| Ord(x) & P(x)})

Ord(t) & P(t) & tCo & [Vx € t| = P(x)]

END ordinal_induction

11
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-- % Properties of the transitive membership closure of s

35 = Ultimembs(X) =,., XU{y: ue {Ult-membs(x): x€ X},y € u}
236 F  SCUlt_membs(S)

237 F  Ult_membs(S)=SU{y : x € S,y € Ult_membs(x)}

238 F X eS&Y e X —Y €Ult-membs(5)

239 F  Ord(S) — Ult_membs(S)=S

240 F  Ult_-membs({S})={S}UUlt_membs(S)

241 F  Ord(S) — Ult_membs({S})=SU{S}

242 F Y € Ult_membs(S) — Ult_-membs(Y)CUlt_membs(S)

243 F Y € Ult_membs(S) — Y CUIt_membs(S)

—- % Theories giving useful principles of transfinite and integer induction
THEORY transfinite_member_induction(n, P)
P(n)
= (m)
- m =y arb({k € Ult_-membs({n}) | P(k)})
P(m) & m € Ult_-membs({n}) & [Vk € m| =P (k)]
END transfinite_member_induction
THEORY mathematical_induction(P)
[3n € N| P(n)]
= (m)
F meN&P(m)&[Vnem|-P(n)
END mathematical_induction
THEORY double_transfinite_induction(o, R)
[3n € 0,3k € o] R(n, k)]
= (m,j)
F R(m,j) & [Vk € m,Vh € o| =R(k,h)] & [Vi € j| =R(m,i)]
END double_transfinite_induction
THEORY double_induction(R)
[3n € N, 3k € N| R(n, k)]
— (m.J)
F R(m,j) & [Vk e m,Vj e N|=R(k,j)] & [Vi€j| =R(m,i)]
END double_induction
- % Several theories satisfying free use of finitely recursive definitions of functions on the integers
THEORY finite_recursive_definition(f, g, P)
= (h)
' [Vn € N, 3h, Vs, Vx| #xCn — h(x, $)=F({g2(h(y,s),5) : yCx| yx & P(x,y,)},%,)]
—~ = [Vs, Vx| #xCn — h(x,s)=f({g2(h (y7 $),5) 1 YCx| y#x & P(x,y,5)},%,5)]
F  [3h,Vn e N, Vs, Vx| #xCn — h(x,s)=f({g4(h(y,s),x,y,s) : yCx|y#x& P(x,y,s)},x,s)]
- = [Vn e N,Vs, Vx| #xCn — h(x,s)=f({g4(h(y, ) X,Y,8) 1 YCx|y#x & P(x,y,s)},%,5)]
F  Finite(X) — h(X, S)=f({g4(h(y, S), X,y,S) : yCX |y#X & P(X,y,5)}, X, S)
END finite_recursive_definition
THEORY finite_recursive_definition2(f0, g0)
= (h)
Finite(X) — h(X, S)=if X=0 then f0(S) else g0(h(X\{arb(X)},S5), X, S) fi
END finite_recursive_definition2
THEORY finite_recursive_definition3(f, g)
= (h)
Finite(X) — h(X)=if x=0 then f else g2(h(X\{arb(X)}), X) fi
END finite_recursive_definition3
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- % A theory justifying the use of summation operators and giving the basic properties of such operators

THEORY sigma_theory(s, @, e)

ecs

[Vx € s| xPe=x]

[Vx € 5,Vy € s | xPy=yPDX]

[Vx € 5,Vy € 5,Vz € s| (xPy)Dz=xD(yDz)]

= (2)
-- APPLY finite_recursive_definition3(f — e, g2(y, x) — yPcdr(arb(x))) = [>_]

TTTTT

T

S (X)=if X=0 theneelse > (X \{arb(X)})Pcdr(arb(X)) fi

> (0)=e

[Vx | cdr(x) € s — > ({x})=cdr(x)]

Finite(F') & range(F)Cs — > (F) €s

Finite(F) & range(F)Cs& C € F — > (F)=>_(F\{C})@®cdr(C)

Finite( ") & is-map(F) & range(F)Cs — [Vt | S(F)= 5 (Fiaomain(m1n)® E(Flgomaingi,)
-- Rearrangement-of-sums Theorem

Finite(F') & is_-map(F') & range(F')Cs & Svm(G) & domain(F)=domain(G)
- Z(F): Z <{<Y7 Z (F‘\range((G)*lHy}))> S range(G)}>

-- Sum Permutation Theorem
Finite(F') & is_-map(F) & range(F)Cs & 1-1(G) & domain(F')=domain(G)

= S0)=5 ({5 Fransetor 1)) ¢ v € ronge(©) |

END sigma_theory
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— % A theory justifying the standard mathematical use of ‘equivalence classes’

THEORY equivalence_classes(P, s)
-- Theory of equivalence classes
¥ € 5,¥y € 5| (Plx,y) < P(y,x)) & P(x,)
[‘v’xes Vy €s Vz€s|P(x y) & P(y,z) — P(x,z)]
= (Eqc,f)

[Vx € s| f(x) € Eqc] & [Vy € Eqc| arb(y) € s & f(arb(y))=y]

[¥x € 5,Vy € 5| P(x,y) < fF(x)=F(y)]

[Vx € s| P(x,arb(f)(x))]
END equivalence_classes

35 = Fro =5 A{xy) :x€eZyeZ|y#00)}

36 = X=rY o, car(X) sz cdr(Y)=cdr(X) %z car(Y)
245 F [Vx € Fr,Vy € Fr| (xxpy < YRprX) & X=pX]

246 F  [Vx€Fr,Vy € Fr,Vz € Fr| x=gy & ypz — x=g 2]

APPLY equivalence_classes(P(x,y) — x=gy,s — Fr) = [Q, Fr_to_Q]
[Vx € Fr| Frito_Q(x) € Q] & [Vx € Q| arb(x) € Fr & Fr_to_Q(arb(x))=x]
[Vx € Fr,Vy € Fr| x=py < Frto Q(x)=Fr_to_Q(y)]
[Vx € Fr| x=garb(Fr_to_ Q(x))]

-- % The rational numbers and their properties
247 F  [Vy € Q|arb(y) € Fr & Frto_Q(arb(y))=y| & [Vx € Fr| Fr_to_Q(x) € Q)
& [Vx € Fr,Vy € Fr| x=pgy <> Frto Q(x)=Fr_to_Q(y)] & [Vx € Fr| x=parb(Fr_to_Q(x))]
37 = 0g “Det Fr,to,(@((( >’ ( ’@>>)
3%a = lg =y FroQ((L0). (1,0)))
-- Rational Sum
38 = X+oY =5,
Fr_to Q((car(arb(X)) *z cdr(arb(Y")) 4z car(arb(Y")) *z cdr(arb(X)), cdr(arb(X)) *z cdr(arb(Y"))))
-- Rational product
X*qY =, Frito.Q((car(arb(X)) =z car(arb(Y)),cdr(arb(X)) *z cdr(arb(Y"))))
-- Reciprocal
Recipg(X) =p. Frto Q((cdr(arb(X)),car(arb(X))))
-- Rational quotient
X /Q Y = Xx ReCin(Y)
-- Rational negative

39 =
=
=
42 = Revg(X) =  Fr-to.Q((Revz(car(arb(X))), cdr(arb(X))))
=
=
=

40

41

-- Nonnegative Rational
is_nonneg(X) <>y, is_nonnegy(car(arb(X)) *z cdr(arb(X)))
-- Rational Subtraction
X —Y =5 X+4gRev()
-- Rational Comparison
X>qY <y, isnonnegy(X —qY) & X#Y

43

44

—— 45
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-- % Two utility theories giving properties of addition operators in ordered groups
THEORY Ordered_add(g, e, ®, ©, rvz, nneg)

e € g& [Vx € g| xPe=x & xdrvz(x)=e & rvz(x) € g
[Vx € g,Vy € g | xPy € g & xDy=yPx & xPrvz(y)=

]
xOy]

[Vx € g,Vy € g,Vz € g| (xPy)Dz=xB(yPz)]

[Vx € g, Vy € g | nneg(x) & nneg(y) — nneg(xdy)]

[Vx € g| (nneg(x) V nneg(rvz(x))) & (nneg(x) & nneg(rvz(x)) — x=e)]
= ( Fer g g '<g)

-- Note that no theorems need to be proved since a decision algorithm is available
- = Xi=gY o nneg(Xorvz(Y))

-- = XY op, VimgX

- = XY op  Xi=Y & X£EY

- = X<gY o, VX

XzgY > nneg(X@rvz(Y))
X<y & Vi X
X=gY = Xz YV & X#Y
X<y < V- X

END Ordered_add

-- % Various lemmas stating elementary properties of unsigned and signed integer arithmetic

248
249

|_
l_

(X € Z — is_nonnegy(X) V is_nonnegy (Revz(X))) & (is_nonnegy (X ) & is_nonnegy (Revz (X)) — X=(0), 1))
X €Z&Y € Z & is_nonneg;(X) & is_nonnegy (Y) — is_nonnegy; (X +zY) & is_nonneg, (X #2Y)

APPLY Ordered_add(g +— Z,e — (0, 0),® — +7z ,rvz — Revz, nneg — is_nonneg,) = [ >z, <z, >z, <z |

249a
251
252
253

254

255

l_
|_
|_
l_

|_

l_

(X >7Y — nneg(X@RevZ(Y))) & (X <zY Y >y X) & (X >7Y > X 2y Y&X#Y)
& (X<zY <Y >zX)
X eZ&Y € Z& X#(0,0) & is_nonnegy (X ) — (is_nonneg, (X *zY) <> is_nonnegy(Y))
X € Fr+» X=(car(X), cdr(X)) & car(X) € Z & cdr(X) € Z & cdr(X)#£ (0, 0)
N € Q — arb(N) € Fr & arb(N)=(car(arb(V)), cdr(arb(N))) & car(arb(N)) € Z & cdr(arb(N)) € Z
& cdr(arb(N))#(0, 0)
XeFr&Y cFr& Xm=pY &W € Fr& N e Fr& W=gN
— (car(X) *z cdr(W) +7z car(W) %z cdr(X), cdr(X) *z cdr(W))
= (car(Y) #z cdr(N) 47 car(N) #z cdr(Y), cdr(Y) *z cdr(N))
XeFr&Y eFr& X=rY &W € Fr& N € Fr & W=gN
— (car(X) *z car(W), cdr(X) *z cdr(W)) =g {car(Y) 7 car(N), cdr(Y) xz cdr(N))

— % Elementary laws of rational arithmetic

256

257

258
259

261
262

l_

l_

X eQ&Y € Z&N e Z&N#£(0D,0)
— X 4q Frito Q((Y,N))=Fr_to_Q({car(arb(X)) #z N +7 cdr(arb(X)) #z Y, cdr(arb(X)) *z N))
XeQ&Y €Z&N e Z&NE(D, D)
— X xqg Frto_Q((Y, N))=Fr_to_Q((car(arb(X)) xz Y, cdr(arb(X)) %z N))
X € Fr —» X=r,(Si_Rev(car(X)), Si_Rev(cdr(X)))
X eFr&Y € Fr& X=pY & is_nonneg;(cdr(X)) & is_nonnegy (cdr(Y"))
— (is_nonnegy(car(X)) V car(X)=(0,0) < is_nonnegy(car(Y")) V car(Y)=(0, }))
X e Fr&Y € Fr& X~ Y — (is_nonnegy(car(X) *z cdr(X)) < is_nonnegy(car(Y) xz cdr(Y)))
X € Fr — (is_nonnegq (X ) < is_nonnegq, ((Revz(car(X)), Revz(cdr(X)))))
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-- Commutativity of Addition

NGQ&MEQ—)N—{—QM:M—I—QN
XeQ&Y € Z&N € Z&N#£(D,0)

— Frto Q((Y,N)) +¢ X=Fr_to_Q((car(arb(X)) *z N +7 cdr(arb(X)) #z Y, cdr(arb(X)) %z N))
XeQ&Y € Z&N € Z&N#£(D,0)

— Frto Q((Y,N)) +¢ X=Fr_to_Q((car(arb(X)) #z N +7 cdr(arb(X)) #z Y, cdr(arb(X)) %z N))

-- Commutativity of Multiplication
NEQ&MEQ%N*QM:M*QN
XeQ&Y eZ&NeZ&N#E(D,0) — Frto Q((Y,N)) %g X
=Fr_to_Q({car(arb(X)) *z Y, cdr(arb(X)) %z N))

KEQ&NEQ&MGQ—>N+Q(M+QK):N+QM+QK
MeQ— M=M +qg0q
MeQ—M +o Rer(M)=OQ
Ne@&MEQ—>N:M+Q(N—QM)
KeQ&NeQ&MeQ— N kg (Mg K)=N %g M %g K
KeZ&NEL&M e Z&K#WD,0) & M#(D,0) — Fr_to Q((N, M))=Fr_to Q((K x N, K x5 M))
KeQ&NeQ&MeQ— Nig(M+gK)=NxgM+gN *g K
XeZ&Y € Z&Y#(D,0) — (is-nonnegq(Frto Q((X,Y))) <= is_nonneg, (X 7 Y))
MeQ—M=M *Q 1@
M € Q& M#0qg — Recipg(M) € Q & M *q Recipy(M)=1q
NeQ&Me Q&M#OQ%N:M*QN/QM
is_nonnegq (0g) & is_nonnegg(1g)
X € Q — is_nonnegq(X) V is_nonnegg (Revg (X)) & (is_nonnegg (X) & is_nonnegg (Revg (X)) — X=0q)

APPLY Ordered_add(g — Q, e 0g, ® — +q,S — —+q, vz — Revg, nneg — is_nonnegq)

28la F

282
283
284
291
292
293
294
46
47
47a
48
49
50
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52
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= [20, <o’ >0, <g]

(X20Y o nneg(XBRevg(Y))) & (X <zY oYV 20 X) & (X >qY & X 2 Y & X#Y)
&(X'<qY oY >gX)

XeQ— X=X *Q 1@

X € Q — (X=0g < car(arb(X))=(0,0))

X €Q&Y € Q&is_nonnegy(X) & is_nonnegq(Y) — is_nonnegq (X +q Y) & is_nonnegqy (X *q Y)

XeQ&Y eQ&X1 GQ&X>QY&X1>@OQ—)X*QX1>QY*QX1

1g >q0g

XeQ&X>p09— Recin(X) >q 0g

XeQ&Y GQ&X>QY—>X>Q (X—H@Y)/@ (IQU]_Q)&(X—I-QY) /Q (1QU1Q) >qY

-- % The Real numbers

S A A

R =, {s:sCQ|(s#D&s#Q&[Vxes,Tyecs|y>ox]&[Vxes,VyeQ|x>gy —yEs])}

- Real 0 and 1
O]R ~Det {X € Q | OQ >Q X}
- Real 0 and 1
Ig =p, {x€Q[lg>gx}
-- Real Sum

X4+rY =, {utov:iueX,veY}
-- Real Negative

Revr(X) =, {Revg(u)4qgv: ueQ\X,veOgr}
-- Real Subtraction

X —R Y Dot X +]R RevR(Y)
-- Absolute value, i.e. the larger of X and Revg(X)

|X|g  =per XURevg(X)

-- Real Multiplication of Absolute Values

XY =p {u%qv: u€ |Xlp&ve Y| =(0g >quV 0g >qv)HUok
-- Real Multiplication

XY =, if XD0g <> YDO0g then X [¥gY else Revg (X |¥g Y) fi
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-- Real Absolute Reciprocal
AbsRecipp(X) =p.. U{y: yeR||X|g*ryC{re Q| Frto.Q((1,1)) >qr}}
-- Real Reciprocal
Recipr(X) =p.; if XDO0Og then AbsRecipg(X) else Revg(AbsRecipg (X)) fi
-- Real Quotient
X /rY =p; X =*rRecipp(Y)
-- Non-negative Real
is_nonnegp(X) ., OrCX
-- Real Comparison
X>rY ., isononnegp(X —rY) & -X=Y
-- Real Comparison
X>rY =, is_nonnegr(X —rY)
-- Real square root
VX =0 Uly: yeR[y*ryCX}

© Elementary laws of real arithmetic

XeQ—{y:yeQ[X>qy}€eR
Og € R & 1k € R & is_nonnegy (Or) & is_nonnegy (1r) & 1g >g Or
NeR— NCQ
NeR—[ImeQ,Vx € N|m>qgx]
NeR&MeR— N+rMeR
NeR&MeR— N+rM=M+r N
NeR— N=N +r0p
N eR — Revwg(N)eR
NeZ&MeZ&M#(D,0) & is_nonnegy (M)
— [Tk € Z | is_nonnegy (N —z k *xz M) & is_nonnegy ((k +7z (1,0)) *xz M) —z N]
NeR&MeR — NCMV MCN
NeR&MeR— NUMeR
NeR— |N|g e R& NC|N|,
NER&MER—)N:M+R(N—RM)
NeR&MeR — N g M=M |[{g N
NeR&M R — N sg M=M g N
N € R — |N|g=if is_nonnegp (V) then N else Revg (N) fi
NeR—|N|g e R&|N|g >r N V |N[g=N & |N|g >rOr V |N|p=0r & is_nonnegy (| N|3)
N € R — |N|g=|Revg|g(N)
N e R& M € R& is_nonnegg(Revg(M)) — N >g N4+r M V N=N +r M
N eR& M € R &is_nonnegy (N) & —is_nonnegy (M) — N >g [N +r M| V N=|N +r M|y
\ RevR(M) >R |N+RM|R\/ ReV]R(M):|N+RM|R
NGR&MER—>N+R|M|R>RHVH+R|M‘R:I‘I
NeR&MeR — [N +r [M[g >r|N +r Mg V [N|g +r [M|p=|N +r M|,
NeR&M eR — |N|p +r [M[g >r [N —r M| V [N|p +r [M[g=|N —r M|
NER&M €R — [N #g |M|g=|N %z M|,
NeR&MeR& M#Or — [Ny /& [M|g=|N /r M|y
NeR&MeR— NprgM R
N € R — Revg(Revg(N))=N
KeR&neR&mMER — n#g (m*g K)=n*xgm*g K
XeR&LY eREXIERE X >rY & X1 >r0p — X *g X1 > Y g X1
X € R& X >k 0r — Recipp(X) >r Or
XER&YER&X>]RY—>X>R(X+]RY)/R(]_RU]_R)&(X-HRY)/R(]_RU]_]R) >rY

-- % The Least Upper Bound principle for real numbers

|_
|_
|_

S#) & SCR — [JS e RV JS=Q
X € R & is_nonnegp (X) — v X € R & is_nonnegg (VX) & VX #p VX=X
X € R & is.nonnegp(X) &Y € R & is_nonnegg (V) — VX #g Y =V X #p VY

17
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-- % Complex Numbers
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C
X+4+cY
X *C Y

Xle
Recipg(X)
X /eY
REV(;(X)
X —cV

Oc
1c

Def

Def

T Def

Def

Def

Def

Def

Def

Def

Def

RxR

-- Complex Sum

(car(X) +grcar(Y),cdr(X) 4+g cdr(Y))
-- Complex Product

(car(X) xg car(Y) —r cdr(X) #g cdr(Y), car(X) *g cdr(Y') +g cdr(X) *g car(Y))
-- Complex Norm

V/car(X) #g car(X) +g cdr(X) *g cdr(X)

-- Complex reciprocal

(car(X) /i (1X|c %& | X]¢), Reve(cdr(X) /i (X g %2 1X]0)))
-- Complex Quotient

X ¢ Recipg(Y)

(Revg(car(X)), Revg(cdr(X)))

X +¢ Reve(Y)

(Og, Or)
(1r, OR)

18

(XeR&LYER—=(X,Y)eC)& (M e C— M=(car(M),cdr(M)) & car(M) € R& cdr(M) € R)

NeC&MeC—-N+cMeC

NeC&MecC—->N+cM=M+cN
N e€C— N=N +¢0¢
NeC— ReV(c(N) E(C&RevC(Rev(c(N)):N
N eC— N +c¢ Revc(N)=0(c
NEC&MEC—>N=M—|—C(N—(CM)
NeC&MecC— NxcM=Mx*cN
N € C— |N|; € R & is_nonnegg (| N|)
N € C — |N|c=|Revc|:(N)
N €C&M e C — [N|p e | Mo >x [N +e Mle v [N|g +e [M]e=IN +c M
NeC&MeC—|N|g+c|Mlc>g [N +c Ml V [N|¢ +c [M|c=|N —c M|¢
NeC&M e C— |N|q*c |M|c=|N *c M|
NeC&MecC& M#0c — |N|¢ /r |M|c=|N /c M|

NeC&MeC— NxcMeC

KeC&NeC&MecC—o-N+c(M+cK)=(N4+cM)+c K
KeC&NeC&MeC — Nx¢(Mxc K)=(N*¢c M) *c K
KEC&NE(C&MGC—)N*C(M+CK)=N*CM+CN*CK
MeC— M=M *c 1¢
M € C & M#0¢ — Recipe(M) € C & M *¢ Recipe(M)=1¢
NEC&MEC&M#Oc—)N:M*C(N/CM)

Oc e C&l1ceC

-- % Sequences of real numbers
-- Sums for Real Maps with finite domains
APPLY sigma_theory(s — R, @ — +r,e— Or) = [> gl

= Svm(f) & range(f)CR & Finite(f) — > p(f) e R& (pef — ZR({p})zf(cdr(p)))Z ”
R

=

2k (X)

T Def

& [Va | ZR(f):ZRG\domain(f)na) +r

-- Sums of absolutely convergent infinite series

U r (X)) :

sCdomain(X) | Finite(s)}

|d0main(f)\a )]
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65

66

67

68

69

-- % Real functions of a real variable

=
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F =, {fCRxR|Svm(f) & domain(f)=R}
-- Sum of Real Functions
X4rY =, {xXx4+rY[x): xeR}
-- Product of Real Functions
XY =, {{xX[x*rYIx): xR}
-- LUB of a set of Real Functions
LUB(X) =.., {xU{fIx:feX}): xeR}
-- Constant zero function
Or  =p; {(x0r):x€R}
NcF&McF—-N4+pM=M-4+r N
NcF&McF—N4+pM=M+r N
NcF&MEcF — Nxgp M=M xp N
KeF&NeF&MeF > N4+pg(M+r K)=(N4+rM)+r K
KGF&NGF&MEF*N*F(M*FK):(N*]FM)*FK
KeF&NeF&MEeF — Nxp(M+4p K)=N g M +5 N #p K
-- Sums of finite and infinite series of real functions

APPLY sigma_theory(s — F,® — +r,e+— 0p) = [D 4]

70

71

72

73

74

75

76

7

78

79

81

=

S U S

U

Svm(ser) & range(ser) CF & Finite(ser) — > p(ser) € F & (p € ser — > n({p})=ser(cdr(p)))
& [‘v’a ‘ Z]F(Ser):Z]F(Ser\domain(ser)ma) +F ZF(Ser|domain(ser)\a)]
-- Sums of absolutely convergent infinite series of real functions
SE(X) = LUB({Sp(X) : sCdomain(X) | Finite(s)})
-- Product of a nonempty family of sets;
-- Note: this is also the real greatest lower bound
GLB(X) —p. {xcarb(X)||Vye X|xey]}
-- Block function
BIf(X,Y,U) =5, {{,if XCx&xCY then U else O fi) : x € R}
-- Block function integral
BFInt(X) =, arb({cxg(b—pga): aeR,beR,ceR|BIlf(a,b,c)=X})
-- Block functions
RBF =, {Blf(a,b,c): aeR beR,ceR}
-- Comparison of real functions
X>rY o, XEY &[VXxeR| X [xDY X
-- Lebesgue Upper Integral of a Positive Function
f+ X Der
GLB({{(n, BFInt(sern)) : n € N} : serCNXRBF | Svm(ser) & > 3 (ser) >r X })
-- Positive Part of real function
Pospart(X) =, {{x,if X|xD0g then X |x else Og fi) : x € R}
-- Reverse of a real function
Reve(X) =p.; {(x,Revg(X[x)): x € R}
-- Lebesgue Integral
[X =,. [T Pospart(X)—g [T Pos_part(Revy(X))
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¢

S

is_continuousy(X)

<>

Def

20

-- Continuous function of a real variable
XCRXR & Svm(X) & [Vx € domain(X),Ve € R,3§ € R,

Vy € domain(X) |6 >rO0r & ¢ >r Or & 6 D|x —r Y| — 2| X [x —r X |y|g]

E(X)
1X ||
X —rY

is_continuous_REnF(X,Y")

T Def

Def

Def

<>

Def

-- Euclidean n-space

{fCX XR|Svm(f) & domain(f)=X}

-- Euclidean norm

V2 _r(X)

-- Difference of Real Functions

{{(x, X[x —r Y'[x) : x € domain(X)}

-- Continuous function on Euclidean n-space

XCE(Y)XR & Svm(X) & [Vx € domain(X),Ve € R, 30 € R,

Vy € domain(X) | O>rO0p & e >pr0r & (SQHX —F yH]R — EQlX[X —R Xrth]
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-- % Basic definitional principles of complex analysis

=

S

U

-- Difference-and-diagonal trick
DD(X,Y) ~Def
{if x[0#x|1 then (X [(x]0) —g X [(x]1)) /r (x]0 —r x[1) else Y [(x]0) fi: x € E(2)}
-- Derivative of function of a real variable
Der(X) =, arb({df € F|domain(X)=domain(df)
& is_continuous RENF(DD (X, df)|qomain(x) X domain(x): 2) })
-- Complex functions of a complex variable
CF =, {fCCxC|Svm(f)& domain(f)=C}
-- Complex Euclidean n-space
CE(X) =, {fCXXC|Svm(f)& domain(f)=X}
-- Complex Euclidean norm
IXle  =pu  V/Sa({{m, X Iml 5 [ X mlc) : m € domain(X)})
-- Difference of Complex Functions
X—crY =p. {(xX[x—cYIx):xeC}
-- Continuous function of a complex variable
is_continuouscp(X) o5, XCCXC & Svm(X) & [Vx € domain(X),Ve € R, 36 € R,
Vy € domain(X)|d >r0r & e >r O0r & 0D |x —cy|c — 2| X [x —c Xy|¢]
-- Continuous function on Complex Euclidean n-space
is_continuous_CEnF(X,Y) <« XCCE(Y)XCE(Y) & Svm(X) & [vx € domain(X),Ve € R,36 € R,
Vy € domain(X) ‘ O>rOR & e>pr0r & (5Q|x—my|C — €2|X[X—C]FX [y|C]
-- Difference-and-diagonal trick, complex case
CDD(X7 Y) “Def
{if x[0#x|1 then (X [(x]0) —¢c X [(x]1)) /c (xI0 —c x[1) else Y [(x]0) fi: x € CE(2)}
-- Derivative of function of a complex variable
CDer(X) =, arb ({df € CF|domain(X)=domain(df)
& is_continuous_CEnF(CDD (X, df)| 4o main(x) X domain(x): 2)})
-- Open set in the complex plane
is.open_Cset(X) <« XCC
& is_continuouscr ({(z, if z € X then (Og, Or) else (1g,0g) fi) : z € C})
-- Analytic function of a complex variable
is_analyticcp(X)  «op.  is—continuouscr(X) & is_open_C_set(domain(X)) & CDer(X)#0
-- Complex exponential function
Cexpfen =, arb({fCCxC: is_analyticep(f) & CDer(f)=f & (O, Or)=(1g, Or)})
-- The constant 7
T =ps arb ({x € R|x>g Og & C_exp_fen((Og, x))=(1g, Or)
& [Vy € R| Cexp_fen((Or,y))=(1g, Or) — y=x V OrDy]})
-- Continuous complex function on the reals
is_continuous_CoRF(X)  «,,; XCRXC& Svm(X) & [Vx € domain(X),Ve € R,30 € R,
Vy € domain(X) | d >r0r & e >r 0r & ID|x —r Y|z — 2| X [x —c X|y||g]
-- Difference-and-diagonal trick, real-to-complex case
CRDD(X,Y) =,
{if x[0#x|1 then (X [(x]0) —¢c X [(x]1)) /c (x[0 —c x[1) else Y [(x]0) fi: x € E(2)}
-- Continuous complex function on E(n)
is_continuous_CREnF(X,Y) <« XCE(Y)XC&Svm(X) & [Vx € domain(X),Ve € R,3J € R,
Vy € domain(X)|d >rO0r & € >r O & DX —r y|[g — e2| X [x—crXYy|¢]
-- Derivative of complex function of a real variable
CRDer(X) =, arb ({df € CF|domain(X)=domain(df)
& is_continuous CREnF(CRDD (X, df) | qomain(x) X domain(x): 2) })
-- Real Interval
Interval(X,Y) et IXER| XCx&xCY'}
-- Continuously differentiable curve in the complex plane
is.CD_curv(X,Y,U) <, is_continuous_.CoRF(X) & domain(X)=lInterval(Y,U)
& 0#CRDer(X) & is_continuous_CoRF(CRDer (X))
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-- % Complex line integrals and the Cauchy Integral Formula
107 = f(}/ (X,Y) =
(J {{x,if x & Interval(U, V) then O else car(X |(curv|x) *c CRDer(Y)[x) fi) : x € R},
J {{x,if x ¢ Interval(U, V) then O else cdr(X [(curv|x) *c CRDer(Y)[x) fi) : x € R})
-- Cauchy integral theorem
F  is_analyticcp(f) — [Fe € R| e >r O & [Vervl, Verv2 | is_.CD_curv(crvl, Og, 1g) & is-CD_curv(crvl, Og, 1r)
& crvl[Og=crvl[1lg & crv2[Or=crv2[1g & [Vx € Interval(Og, 1) | eD|crvl[x —c crv2[x|¢]

1 1
— foﬂf(ﬂ crvl)= fo]g (f,crv2)]]
-- Cauchy integral formula

F is_analyticep(f) & domain(f) D{z € C: 1g 2p |z|c} — [VZ € C|1gr >r|zZ|¢
— flz= ng—i_R "({(x,fIx /c (x—=c2z)) : x € C\{z}}, {(x, C_exp_fcn((Og,x))) : x € R}) /¢ (Og, 7 +g 7)]



