set(auto)
assign(max_seconds, 32700)

- AXIOMS ON ORDERED GROUPS

formula_list(usable)
-- abelian group axioms

— (think that AOB=A®6B by def.)

[Vx, Wy, Vz| (x®y)®z=xdB(ydz)] - associativity
[Vx | x@e=x]  -- right unit

[Vx| x©x=e] - right inverse

Vx,Vy | xby=yPx] - commutativity

- ordering axioms (axioms concerning non-negativeness)
[Vx, Vy | nneg(x) & nneg(y) — nneg(xdy)]
[Vx | nneg(x) V nneg(©x)]
[Vx | nneg(x) & nneg(Ex) — x=¢]
end_of _list

— DEFINITIONAL EXTENSIONS

formula_list(usable)
[Vx| nneg(x) — |x|=x] - definition of the absolute value ...
Vx| —nneg(x) — |x|=6x] - ...def.n of the absolute value
[Vx, Vy | X<y <= nneg(yex)] - defn of comparison

end_of _list

- - LEMMAS

formula_list(usable) - laws concerning the “leq” relation <
-- —- statements A1, Ba, Bb, B below proved without definitional extensions
[Vx,Vy,Vz | x@y=xPz — y=z] - Al: cancellation law
— [Vx, Vy | xDOy®(ydox)=e] -- Ba
- [Vx, Vy | x@oyde(x@oy)=e] - Bb
[Vx,Vy | ©(x0y)=yox] - B (from Al, Ba, Bb alone)
Vx,Vy | xgy Vy=<x] - C: totality
Vx| x<x] - D: reflexivity
Vx,Vy,Vz | x<y & y<z — x<z] -~ E: transitivity
[Vx, Wy, Vz | xgy & x#y & y<z — x7#z| -~ El: transitivity
Vx,Vy,Vz | xy & y<xz & y#z — x7#2z] - E2: transitivity
[Vx,Vy,Vz | xy — x@z<ydz] - F: additivity
[Vx,Vy,Vz | xPz=yPz — x=y] -- A2: cancellation law
[Vx, Wy, Vz | xgy & x#y — xPz#ydz] -~ F1, strict additivity
end_of _list




formula_list(usable) - laws concerning the operations “abs” and “nneg”
Vx| |xox|=¢] - 1
Vx| x<x]] - 2
x| [(XD[=x]  — 3
Vx| |x|=e <> x=¢| - 4
Vx| [ex|=|x]] -~ 5
[Vx, Vy [ x@y<|x[@ly|]] -~ 6
[Vx, Vy | nneg(x®y) — [x@y[x[x|@ly|]] -~ Ta
[Vx, Vy | =nneg(x®y) — nneg(&xSy)] - 7b
[Vx, Vy | nneg(xdy) — |oxoy|x|ox|®|oy|] - Tc (proved without earlier laws on “leq”)
[Vx, Vy | —nneg(xdy) — [x®@y|<|x|@ly[] - 7d
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Vx, Vy | x@ylsix[@lyl] - 7
x, Yy, Vz | xbz=x0yd(ydz)] - 8a
x, Vy, Vz | [xOz|x|xOy|®|ySz|] - 8 (proved without the axioms)
x, Vy | ~nneg(x) — x<ly| &x#ly[] - 9
Vx, Vy | nneg(y) — xSy=xdy] - 10
Vx, Vy | nneg(x) & —nneg(y) — [X|olyl[sxeyl] - 1la
W, ¥y | nneg(x) & nneg(y) — [Olyll=lxoy]] -~ 11
Vi, Wy | ~nneg(x) & ~nneg(y) — [[exioloyll=lexayl] - 1l
-~ to prove the next lemma, it turned out useful to temporarily inhibit:
— * all axioms save commutativity;
-- * all definitional extensions;
- *all of the laws concerning “leq” save D (reﬂexivity) and B;
* all of the laws concerning “abs” and “nneg” save 5 and 11a—11c
[V, Vy! [Ix[Slyll<sxoyl] - 11
v Wy | IXISIlyOlxlI<ly] 12
end_of _list

<(<(

<E




